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Highlights 
Buckling and postbuckling of biaxially compressed functionally graded multilayer GPLRC plates are 
investigated. 
The material properties of the GPL-reinforced composite (GPLRC) are evaluated through a 
micromechanics model. 
Theoretical formulations based on the first-order shear deformation plate theory and von Kármán-
type nonlinear kinematics are developed. 
A two step perturbation technique is employed to determine the asymptotic postbuckling solutions 
of both perfect and imperfect plates. 
The effects of GPL weight fraction, distribution pattern, geometry on buckling and postbuckling 
behaviors of GPLRC plates are examined. 
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ABSTRACT 
The present paper investigates the biaxially compressed buckling and postbuckling behaviors of 
functionally graded multilayer composite plates reinforced with a low content of graphene 
nanoplatelets (GPLs) that are randomly oriented and uniformly dispersed in the polymer matrix within 
each individual layer. The material properties of the GPL-reinforced composite (GPLRC), which are 
graded along the thickness direction due to a layer-wise change in GPL weight fraction, are evaluated 
through a micromechanics model. Theoretical formulations are based on the first-order shear 
deformation plate theory and von Kármán-type nonlinear kinematics and include the effect of an initial 
geometric imperfection. A two step perturbation technique is employed to determine the asymptotic 
postbuckling solutions and the biaxial compressive postbuckling equilibrium paths of both perfect and 
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imperfect plates simply supported on all edges. The effects of GPL weight fraction, distribution pattern, 
geometry and size as well as total number of layers on the buckling and postbuckling behaviors of 
functionally graded GPLRC plates are examined in detail.  
 
Keywords: Graphene nanoplatelets; Functionally grade materials; Multi-layer plate; The first-order shear 
deformation plate theory; Buckling; Postbuckling 
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1. Introduction 
        Functionally graded materials (FGMs) are advanced inhomogeneous composites characterized by a 
continuously varying material composition and properties in one or more dimensions of the structure to 
achieve desired performance goals. Due to the elimination of distinct interfaces between different 
materials, mechanical stress concentration can be significantly alleviated and mechanical properties can 
be spatially controlled [1-3]. Owing to the unique advantages it offers over the traditional homogeneous 
composites, the concept of FGMs has been applied to a wide range of engineering applications in 
mechanical, electronic, optical, chemical, biomechanical, civil, aerospace, nuclear, automotive, and 
shipbuilding industries [4].  
    Due to the exceptional mechanical, thermal and electrical properties of carbon nanotubes (CNTs), 
polymer nanocomposites reinforced with CNTs have attracted huge attention from research and 
industry communities [5]. Shen [6] found that the mechanical properties of the polymer/CNTs 
nanocomposites can be further improved when CNTs are nonuniformly distributed in the polymer 
matrix. The structural analyses of functionally graded polymer/CNTs nanocomposites, such as the static 
bending, elastic buckling, postbuckling, free and forced vibrations, have recently been extensively 
investigated [6-15]. Compared with CNTs, graphene and graphene nanoplatelets (GPLs) [16] have much 
bigger specific surface areas which provide much stronger bonding with the matrix hence the greatly 
enhanced load transfer capability. Rafiee et al. [17] reported that by adding 0.1% weight fraction (wt.%) 
of GPLs, the strength and stiffness of the reinforced epoxy nanocomposites are enhanced by the same 
degree achieved by adding 1.0 wt.% of CNTs. Besides, graphene and its derivatives are abundant in 
nature and have a lower manufacturing cost when compared with CNTs. These merits make graphene 
and GPLs outstanding candidates as the reinforcement materials to improve the mechanical properties 
of polymeric materials. So far, the marjority of the research efforts in this emerging area have been 
directed towards the synthesis/fabrication techniques and material property characterization of the 
polymer/graphene nanocomposites. Fang et al. [18] manufactured polystyrene/graphene 
nanocomposites by dispersing graphene sheets in polystyrene, and found that an addition of 0.9 wt.% 
graphene sheets results in a 70% increase in tensile strength and a 57% increase in Young's modulus. 
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Zhao et al. [19] dispersed 1.8 wt.% of graphene oxide in poly (vinyl alcohol) (PVA) matrix and reduced 
the dispersed graphene oxide into graphene sheets. They found that the Young's modulus of graphene-
reinforced PVA composite films increases almost 10 times. Wang et al. [20] added GPLs with different 
sizes into epoxy matrix using a sonication process followed by three-roll milling. Their study showed that 
the use of GPLs with a larger size can lead to new nanocomposites with a considerably increased tensile 
modulus. Ji et al. [21] performed numerical simulations by using Mori-Tanaka micromechanics method 
to investigate the effective elastic properties of graphene-reinforced polymeric nanocomposites, and 
verified that graphene sheets dramatically outperform CNTs as reinforcement nanofillers. Rahman and 
Haque [22] studied the mechanical properties of graphene/epoxy nanocomposites using molecular 
dynamics simulations, and observed that dispersing graphene with a high aspect ratio provides 
improved in-plane Young's modulus of graphene/epoxy nanocomposites in comparison to agglomerated 
graphene system. Montazeri and Rafii-Tabar [23] employed a multiscale modeling approach to analyze 
the mechanical properties of graphene-reinforced polymeric nanocomposites. Their results discovered 
that the presence of ripples on the surface of the embedded graphene sheets can decrease the axial 
Young modulus of the nanocomposites.  
    In spite of its practical importance, researches on the structural behavior of graphene-reinforced 
composites is very limited. Among those, Chandra et al. [24] proposed a multiscale finite element 
method for the free vibration of graphene/polymer composites by modeling graphene and polymer 
matrix with the atomistic and conventional continuum finite element methods, respectively. Cranford 
[25] used a hybrid atomistic and molecular dynamics approach to study the buckling induced 
delamination of mono- and bilayer graphene-based composites. Rissanou et al. [26] presented the 
structural and dynamic analyses of several graphene-based polymer nanocomposites with graphene 
sheets of different sizes through atomistic molecular dynamic simulations. It should be noted that 
previous studies were focused on the nanocomposites reinforced graphene layers uniformly dispersed 
in the matrix only. Most recently, Yang and his co-workers [27] introduced the concept of FGMs to 
graphene reinforced polymer nanocomposites in which GPLs are non-uniformly dispersed in the epoxy 
matrix and investigated the free and forced vibrations [27], nonlinear bending [28], buckling and 
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postbuckling [29], dynamic stability [30], large amplitude vibration [31, 32] of functionally graded 
multilayer GPL-reinforced composite (GPLRC) beams and plates. They found that an appropriately 
chosen GPL distribution pattern can offer much better reinforcing effect than the uniform distribution. 
By employing higher-order shear deformation plate theory, Shen et al. [33, 34] studied the nonlinear 
bending and nonlinear vibration of functionally graded composite laminated plates reinforced with 
graphene sheets under a uniform temperature field. To the best of the authors’ knowledge, there is still 
no previous study on the buckling and postbuckling analysis of biaxially compressed functionally graded 
multilayer GPLRC plates.  
    For the structural analysis of composite plates,  recently several effective and accurate plate 
theories have been developed, such as third-order shear deformation plate theories [35-37], a simple 
first-order shear deformation plate theory [38], and a Quasi-3D hyperbolic shear deformation theory 
[39]. At the same time, efforts also focused on the development of effective solution methods, such as 
the meshfree methods [10-12, 40-42], the variational differential quadrature method [43], the 
isogeometic analysis methods [44-46], and the perturbation method [47]. Compared to the perturbation 
method, the numerical methods have proven their efficiency to solve a more larger number of 
engineering problems, especially the mesh-free methods, which can deal with large deformation 
problems and crack propagarion problems. However, the asympototic approach has its own advantages, 
by providing a good physical insight into the problem considered, and easily assessing the influence of all 
the parameters on the solution. 
    Within the framework of the first-order shear deformation theory (FSDT) to incorporate the effect 
of transverse shear strain and von Kármán nonlinear kinematics to take into account the geometically 
nonlinear deformation, this paper investigates the buckling and postbuckling behaviors of functionally 
graded multilayer GPLRC plates under bixial compression. The micromechanics based Halpin-Tsai model 
is employed to predict the effective Young’s modulus of the nanocomposite while the rule of mixture is 
used to determine its effective Poisson’s ratio. A two step perturbation technique is used to trace the 
postbuckling equilibrium paths of functionally graded multilayer GPLRC plates with all edges simply 
supported. After the validation studies with comparisons between the results obtained by the present 
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formulation and those by experiments and  a higher-order shear deformation plate theory (HSDPT) in 
the existing literatures, a comprehensive parametric study is conducted to highlight the effects of GPL 
distribution pattern, weight fraction, geometry and size as well as the total number of layers on the 
buckling and postbuckling behaviors of the GPLRC plates. 
 
2. Problem Formulation 
        A rectangular laminated composite plate of length a, width b and total thickness h that is composed 
of a total of N perfectly bonded GPL/polymer nanocomposite layers with equal thickness /h N  is shown 
in Fig. 1. The plate is subjected to uniformly distributed biaxial compression xN  and yN  along the 
edges 0,x a  and 0,y b , respectively. GPL nanofillers are randomly oriented and uniformly 
dispersed in the polymer matrix within each individual layer. 4 different GPL distributions, including 
uniform (UD) and functionally graded (FG-O, FG-X) as shown in Fig. 2, are considered in the analysis. In 
FG distributions, the GPL weight fraction varies linearly from layer to layer along the thickness direction 
so that it is maximum at the mid-plance of the FG-O plate but at both the top and bottom surfaces of 
the FG-X plate.  
 
Fig. 1. A functionally graded multilayer GPLRC plate under bixial compression 
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Fig. 2. Schematic diagrams of three GPL distribution patterns in the functionally graded multilayer GPLRC plates 
 
2.1 Material Properties of GPLRCs 
        The effective Young's modulus and Poisson's ratio of the GPLRCs can be approximated by modified 
Halpin-Tsai model [27] and the rule of mixture, respectively, i.e., 
 L L GPL W W GPLC M M
L GPL W GPL
1 13 5
8 1 8 1
V V
E E E
V V
   
 
 
   
 
 (1) 
  C GPL GPL M GPL1V V      (2) 
where 
 GPL ML
GPL M L
( ) 1
( )
E E
E E





 (3) 
 GPL MW
GPL M W
( ) 1
( )
E E
E E





 (4) 
Subscripts “GPL” and “M” stand for GPLs and polymer matrix, respectively, and L  and W  are the 
parameters characterizing both the geometry and size of GPL naofillers, defined as 
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 GPL GPLW
GPL GPL
2 ,     2L
l w
h h
 
   
    
   
 (5) 
in which GPLl , GPLw and GPLh are the average length, width, and thickness of the GPLs, respectively. The 
volume fraction of GPLs is given by 
 
 
GPL
GPL
GPL GPL M GPL( ) 1
g
V
g g 

 
 (6) 
where GPLg  is GPL weight fraction, M  and GPL  are the mass densities of polymer matrix and 
GPLs, respectively.  
        Without the loss of generality, in this study N is assumed to be an even number and the GPL weight 
fraction of the kth layer for the three GPL distribution patterns are given as Ref. [27], i.e., 
 ( )GPL GPLUD:    
kg g  (7) 
 ( )GPL GPL
1 1
FG-O:    4 / (2 )
2 2
k N Ng g k N
   
    
 
 (8) 
 ( )GPL GPL
1 1
FG-X:    4 / (2 )
2 2
k Ng g k N
  
    
 
 (9) 
in which GPLg
 is the total GPL weight fraction. 
2.2 Governing Equation 
        According to the FSDT [35], the displacements of an arbitrary point in the plate along the X-, Y- and 
Z- directions are written as 
 
     
     
   
, , , ,
, , , ,
, , , ( , )
x
y
u X Y Z U X Y Z X Y
v X Y Z V X Y Z X Y
w X Y Z W X Y W X Y



 
 
 
  (10) 
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where  ,U X Y ,  ,V X Y  and  ,W X Y  are displacement components of a point at the mid-plane of 
the plate, 
x  and y  are the rotations of a transverse normal about the Y- and X-axes, and W
  is a 
given small imperfection representing a small initial deviation of the plate plane from a flat shape. 
    In the absence of body forces, the equations of equilibrium of an imperfect laminated plate are 
 0xyx
NN
X Y

 
 
  (11) 
 0xy y
N N
X Y
 
 
 
  (12) 
 
   
    0
yx
x xy
xy y
QQ
N W W N W W
X Y X X Y
N W W N W W
Y X Y
 
 
    
           
   
       
  (13) 
 0xyx x
MM
Q
X Y

  
 
  (14) 
 0xy y y
M M
Q
X Y
 
  
 
  (15) 
where stress resultants , ,
T
x y xyN N N   N , shear forces ,
T
y xQ Q   Q , and moment resultants 
, ,
T
x y xyM M M   M  are defined by 
 
0
1
    
    
     
N A B
M B D


 (16) 
 (0)SkQ K   (17) 
where 5 / 6Sk   is the shear correction factor. The stiffness components ijA , ijB , ijD  and 
ijK are calculated by 
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1 ( ) 2
1
( , , ) (1, , )d ,    ( , 1,2,3)
k
k
N z
k
ij ij ij ij
z
k
A B D P z z z i j


    (18) 
 
1 ( )
1
d ,     ( , 1,2)
k
k
N z
k
ij ij
z
k
K Q Z i j


   (19) 
in which 
 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
11 22 12 21 33 11 22( )2 ( )2 ( )
( ) ( ) ( ) ( ) ( ) ( )
13 31 23 32 12 21
,   ,   ,
1 1 2(1 )
                           0
k k k k
k k k k k k kC C C
k k k
k k k k k k
E E E
P P P P P Q Q
P P P P Q Q

  
      
  
     
 (20) 
As the in-plane displacements u and v are small compared to the transverse displacement w and the 
higher-order terms are negligible, the von Kármán type nonlinear strains that are associated with the 
displacement field in Eq. (7) are given by 
 
2
(0)
2
(0) (0)
(0)
(1)
(1) (1)
(1)
1
2
1
,
2
xx
yy
xy
x
xx
y
yy
xy
x
U W W W
X X X X
V W W W
Y Y Y Y
U V W W W W W W
Y X X Y X Y Y X
X
Y
Y











 
     
   
     
   
       
       
       
          
    
        
 


 
 
  
 
  



(0)
(0)
(0)
,   
y
yz
xz
x
y
W W
Y Y
W W
X X
X







 
 
           
      
      
      
 
 

  (21) 
Let F  be the stress resultants such that  ,x YYN F , ,y XXN F , and ,xy XYN F  , where a comma 
denotes partial differentiation with respect to the coordinates. Relationship (16) can be rewritten in 
partial reverse form as 
 
(0)
(1)
( )T
 
 
     
    
     
NA B
M B D


 (22) 
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where ( )T  represents the transpose of the matrix, and 1 A A , 1  B A B , 
1  D D BA B . 
        Introducing the following dimensionless quantities 
 
 
 
 
 
 
 
 
 
 
 
 
1
4
11 22 11 22
1
2
11 22
2
12
5 12
222 11 2
11 22
         ,   ,   = ,   ,
, ,
  , ,   ,   , ,
, ,
,   , ,   , ,
4
x y
x y
x y x y
x y x y
X Y a
x y D D A A
a b b
W W F a
W W F
D D
M M N b N aA a
M M
A D
D D
  
 
 

  


   


 

 
 
   
  
 
   

  (23) 
substituting Eqs. (21) and (22) into equilibrium Eqs. (11)-(15), and considering the conditions of the 
deformation compatibility of the plate 
 
22 (0) 2 (0)2 (0) 2 2 2
2 2 2 2
2 2 2 2 2 2
2 2 2 2
2
yy xyxx W W W
Y X X Y X Y X Y
W W W W W W
X Y X Y X Y Y X
 
  
      
    
        
     
  
       
 (24) 
leads to the nonlinear governing equations for an imperfect functionally graded multilayer GPLRC plate 
in terms of W , x , y  and F  as follows 
 211 12 13( ) ( ) ( ) ( , ) 0x yL W L L L W W F  
      (25) 
 221
1
( ) ( 2 , )
2
L F L W W W     (26) 
 31 32 33( ) ( ) ( ) 0x yL W L L     (27) 
 41 42 43( ) ( ) ( ) 0x yL W L L     (28) 
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where the nonlinear partial differential operator 
, , , , , ,( ) ( ) ( ) 2( ) ( ) ( ) ( )xx yy xy xy yy xxL    , ijL  are 
linear partial differential operators and are given in Appendix A. 
        For a plate simply supported on all edges, the boundary conditions are 
0,x  : 
 0yW    (29) 
 
2
0x
F
M
x y

 
 
 (30) 
 
2
20
1
4 d 0x
F
y
y




 

 (31) 
0,y  : 
 0xW    (32) 
 
2
0y
F
M
x y

 
 
 (33) 
 
2
20
1
4 d 0y
F
x
x




 

 (34) 
3. Analytical Method and Asymptotic Solutions 
        A two step perturbation technique [47] is employed to solve Eqs. (25)-(28) to determine the 
postbuckling equilibrium paths of functionally graded multilayer GPLRC plates. The solutions of Eqs. (25)
-(28) are assumed to take the form of  
 
1 0
1 1
( , , ) ( , ),     ( , , ) ( , ),
( , , ) ( , ),     ( , , ) ( , ),
j j
j j
j j
j j
x xj y yj
j j
W x y w x y F x y f x y
x y x y x y x y
   
       
 
 
 
 
 
 
 (35) 
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where   is a small perturbation parameter and 1( , )w x y  is assumed to have the form 
 (1)
1 11( , ) sin sinw x y A mx ny  (36) 
and the initial geometric imperfection is assumed to have a similar form to 1w : 
 (1)
11 11( , , ) sin sin sin sinW x y a mx ny A mx ny  
    (37) 
in which 11
(1)
11
a
A


  is the imperfection parameter. 
        By substituting Eq. (35) into Eqs. (25)-(28) and collecting terms of the same order of   and 
because jw , jf , xj  and yj  are independent of  , one can set the coefficient of each power of   
equal to zero. This leads to the following set of equations: 
Order 0 : 
 21 0( ) 0L f   (38) 
Order 1 : 
 211 1 12 1 13 1 1 0( ) ( ) ( ) ((1 ) , ) 0x yL w L L L w f         (39) 
 21 1( ) 0L f   (40) 
 31 1 32 1 33 1( ) ( ) ( ) 0x yL w L L     (41) 
 41 1 42 1 43 1( ) ( ) ( ) 0x yL w L L     (42) 
Order 2 : 
 2 211 2 12 2 13 2 2 0 1 1( ) ( ) ( ) ( , ) ((1 ) , ) 0x yL w L L L w f L w f           (43) 
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 221 2 1 1
1
( ) ((1 2 ) , )
2
L f L w w     (44) 
 31 2 32 2 33 2( ) ( ) ( ) 0x yL w L L     (45) 
 41 2 42 2 43 2( ) ( ) ( ) 0x yL w L L     (46) 
Order 3 : 
 
2
11 3 12 3 13 3 3 0
2 2
2 1 1 2
( ) ( ) ( ) ( , )
( , ) ((1 ) , ) 0
x yL w L L L w f
L w f L w f
  
  
  
   
 (47) 
 2 221 3 1 2 2 1
1 1
( ) ((1 2 ) , ) ( , )
2 2
L f L w w L w w       (48) 
 31 3 32 3 33 3( ) ( ) ( ) 0x yL w L L     (49) 
 41 3 42 3 43 3( ) ( ) ( ) 0x yL w L L     (50) 
Order 4 : 
 
2
11 4 12 4 13 4 4 0
2 2 2
3 1 2 2 1 3
( ) ( ) ( ) ( , )
( , ) ( , ) ((1 ) , ) 0
x yL w L L L w f
L w f L w f L w f
  
   
  
    
 (51) 
 2 2 221 4 1 3 2 2 3 1
1 1 1
( ) ((1 2 ) , ) ( , ) ( , )
2 2 2
L f L w w L w w L w w         (52) 
 31 4 32 4 33 4( ) ( ) ( ) 0x yL w L L     (53) 
 41 4 42 4 43 4( ) ( ) ( ) 0x yL w L L     (54) 
Considering the boundary conditions in Eqs. (29)-(34), the solutions of jw , jf , xj  and yj  can be 
obtained by solving Eqs. (38)-(54) from order 0  to 4 . Then, the asymptotic solutions of the 
displacements and stress function of the plate are constructed as: 
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  (1) 3 (3) (3) 511 13 31sin sin sin sin3 sin3 sin ( )w A mx ny A mx ny A mx ny O          (55) 
 
2 2 2 2
(0) (0) 2 (2) (2) (2) (2)
00 00 00 00 20 02
2 2
4 (4) (4) (4) (4) (4)
00 00 20 02 22
(4) (4) (4) (4)
40 04 24 42
cos 2 cos 2
2 2 2 2
cos 2 cos 2 cos 2 cos 2
2 2
cos 4 cos 4 cos 2 cos 4
x y x y
F b B b B B mx B ny
x y
b B B mx B ny B mx ny
B mx B ny B mx ny B


 
        
 

     

     6cos 4 cos 2 ( )mx ny O 
(56) 
  (1) 3 (3) (3) 511 13 31cos sin cos sin3 cos3 sin ( )x C mx ny C mx ny C mx ny O        (57) 
  (1) 3 (3) (3) 511 13 31sin cos sin cos3 sin3 cos ( )y D mx ny D mx ny D mx ny O        (58) 
Coefficients in Eqs. (55)-(58) are given in Appendix B, except ( )00
kb  and ( )00
kB  ( 0,2,4,...k  ) which satisfy 
    2 (1) (0) 2 (0) 2 2 2 (1) (1) (1)11 00 00 110 112 11 120 11 131 11(1 )A b n B m m n A m C n D            (59) 
  2 (2) 2 (2) 2 2 (2) (2)00 00 02 202m B n b m n B B    (60) 
 
   
 
2 (4) 2 (4) 2 (1) (4) (4) 2 2 2 (1)
00 00 11 02 20 11
(3) (2) (3) (2) 2 2 2
13 02 31 20
(1 ) 2 (1 )
2
m B n b A B B m n A
A B A B m n
   

    
 
 (61) 
The postbuckling equilibrium paths of the plate under biaxial compression can then be obtained by 
substituting Eq. (56) into Eqs. (31) and (34) 
 (0) 2 (2) 4 (4)00 00 004 ...x B B B       (62) 
 (0) 2 (2) 4 (4)00 00 004 ...y b b b       (63) 
Taking ( , ) ( / 2 , / 2 )x y m n  , the dimensionless maximum deflection mw  can be obtained from Eq. 
(55): 
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  (1) 3 (3) (3) 511 13 31 ( )mw A A A O       (64) 
The inverse form of Eq. (64) can be written as 
 (1) 313 3111
13 31
A A
m m
g g
A w w
g g

 
   
 
 (65) 
in which 
13
Ag , 31
Ag , 13g  and 31g  are given in Appendix B. 13g  and 31g  are related to the coefficients 
(0)
00b  
and (0)00B  that need to be determined. Multiplying Eqs. (62) by 
2m  and and (63) by 2n , using the 
relations in Eqs. (59)-(61) then replacing the perturbation parameter (1)11A  with mw , one can obtain 
 
2 2
2 2 11 110 11 112 120 11 131 11
2
11
4 4
2 2
214
4 4 2 2
2 431 13 13 31
2 2
31 13 214 13 214 31
4 4
(1 )
(1 2 )
16 16
1 2
(1 )
8 8 1 16 16
C D
x y
m
A A A A
m
g m g n m g n g
m n
g
m n
w
g g g gn m m n
w
g g g n g m
   
 
 
 


 
  
  
 

 
   
 
    
        
    
 (66) 
Setting 0mw   in Eq. (66), Eq. (66) can be simplified to 
  2 2 2 2 211 11 110 11 112 120 11 131 114 (1 ) C Dx yg m n g m g n m g n g              (67) 
This formula is well known in the analysis of linear buckling of plates under biaxial compression. Usually, 
the compressive loads xP  and yP  vary proportionally, so that y x  . Hence 
 
2
y
x


 
  (68) 
where   is a constant. Substituting Eq. (68) into Eq. (66) leads to the postbuckling equilibrium path of 
the plate in terms of the dimensionless maximum deflection 
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 (0) (2) 2 (4) 4 6
1 1
( )
2 24
x x x m x mw w O        (69) 
in which the postbuckling coefficients are 
 
 
2 2
(0) 11 110 11 112 120 11 131 11
2 2 2 2
114 (1 )
C D
x
g m g n m g n g
g m n
   

  
  

 
 (70) 
 
2 4 4
(2)
2 2 2
214
(1 2 )
32 32
x
m n
m n
 

 
 
  
  
 (71) 
4 4 2 2
(4) 231 13 13 31
2 2 2 2 2
31 13 214 13 214 31
1 3 3 1 2 3 3
(1 )
4 4 1 8 8
A A A A
x
g g g gn m m n
m n g g g n g m

  
   
    
         
     
 
                                                                                                               (72) 
According to Eq. (68), the coefficients ( )00
kb  and ( )00
kB  in Eqs. (62) and (63) have the relation 
 ( ) 2 ( )00 00 ,     0,2,4,...
k kb B k   (73) 
Then, using Eq. (59) and (73), (0)00b  and 
(0)
00B  can be determined 
 
 
 
2 2
11 110 11 112 120 11 131 11(0)
00 2 2 2
11(1 )
C Dg m g n m g n g
b
g m n
    
 
  

 
 (74) 
 
 
2 2
(0) 11 110 11 112 120 11 131 11
00 2 2 2 2
11 (1 )
C Dg m g n m g n g
B
g m n
   
  
  

 
 (75) 
and then the coefficients 13g  and 31g  can be determined. Eqs. (69)-(75) can be employed to perform 
numerical calculations to trace postbuckling equilibrium paths of functionally graded multilayer GPLRC 
plates under biaxial compression. It should be noted that Eq. (69) is also valid for the postbuckling 
analysis of GPLRC plates under uniaxial compression by setting   = 0.  
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4. Numerical Results and Discussion 
        In this section, the buckling and postbuckling behaviors of functionally graded multilayer GPLRC 
plates subjected to biaxial edge compression are investigated. To ensure the accuracy and effectiveness 
of the present formulation and solution procedure, some validation studies will be presented. 
Thereafter, several tabular and graphical data will be presented to investigate the effects of distribution 
patterns, weight fraction, length-to-thickness and length-to-width ratios of GPL nanofillers on the 
buckling and postbuckling behaviors of GPLRC plates through a comprehensive parametric study. 
4.1 Comparison studies 
        As there are no results available in open literature for the buckling and postbuckling analyses of 
functionally graded multilayer GPLRC plates, simply supported isotropic square plates subjected to 
unixial or equal biaxial compression are taken as examples to validate the present study. The 
dimensionless critical buckling loads 
1
2 2
cr cr 11 22/ [ ( ) ]N b D D 
   of perfect plates with different length-
to-thickness ratio a/h are compared in Table 1 and Table 2 with existing results given in Refs. [48-52]. 
Moreover, the postbuckling equilibrium paths of perfect and imperfect plates are compared with the 
analytical solutions [53] and the experimental results  [54] in Fig. 3, and the HSDPT solution [51] in Fig. 4, 
where * /cW h  and /cW h  represent the dimensionless initial imperfection and deflection at the center 
of the plate, respectively. As can be observed, good agreement is achieved. 
Table 1. Comparison of dimensionless buckling load (
1
2 2
cr cr 11 22/ [ ( ) ]N b D D 
  ) for square plates 
( 0.3  ) under uniaxial compression 
 a/h 
5 10 20 
Present 3.2637 3.7865 3.9444 
Srinivas [48] 3.150 3.741 3.924 
Reddy [49] 3.2653 3.7865 3.9443 
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Rao [50] 3.2637 3.7865 3.9444 
Table 2. Comparison of dimensionless buckling load (
1
2 2
cr cr 11 22/ [ ( ) ]N b D D 
   )for square plates 
( 0.3  ) under equal biaxial compression 
 a/h 
 10 20 
Present 1.8932 1.9722 
Bhimaraddi [51] 1.8936 1.9722 
Xiang [52] 1.8920 1.9719 
0.0 0.5 1.0 1.5 2.0
0.0
0.5
1.0
1.5
2.0
2.5
/cW h
Present:
  Perfect (                     )
  Imperfect (                     )
 Theoretical results [53]
 Experimental results [54]
N
x 
/ 
N
cr
Isotropic thin plate
a = 0.3m,b = 0.3m, h = 0.00127m
E = 70GPa,  = 0.326, (m, n) = (1,1)
* / 0.0cW h 
* / 0.1cW h 
 
 
 
Fig. 3. Postbuckling equilibrium paths of simply supported perfect and imperfect isotropic plates under 
uniaxial compression 
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0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
/cW h
:
* / 0.05cW h 
* / 0.0cW h 
x
 Present
 Bhimaraddi [51]
 Present
 Bhimaraddi [51]
= 1.0,  a/h = 10.0= 1.0
 = 0.3, (m, n) = (1,1)
:
 
 
 
Fig. 4. Postbuckling equilibrium paths of simply supported perfect and imperfect isotropic square plates 
under equal biaxial compression 
 
4.2 Parametric studies 
        In the following parametric studies, epoxy is chosen to be the matrix material. The geometric 
parameters of functionally graded GPLRC plates are 0.45ma  , 0.45mb   and 0.045mh  , with the 
following material properties [17, 55, 56]: 
3
M M M
3
GPL GPL GPL
1.2g/cm ,       3.0GPa,      0.34
1.06g/cm ,   1.01TPa,   0.186
E
E
 
 
  
  
 
Unless otherwise stated, the GPL weight fraction is 1.0% while its average length, width, and thickness 
are GPL 2.5μml  , GPL 1.5μmw  , and GPL 1.5nmh   
[17], respectively. 
4.2.1 Buckling 
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        Since bifurcation-type compressive buckling does not occur in an imperfect plate due to the 
bending-stretching coupling effect, in this section elastic buckling analysis will be conducted for perfect 
GPLRC plates only.  
        Table 3 investigates the effect of the total number of layers N on the critical buckling load 
ratio C M
cr cr/N N  for the GPLRC plates, in which 
C
crN  and 
M
crN  stand for critical buckling loads of the plates 
with and without GPLs, respectively. It should be noted that 0  , 0  and 0   correspond to the 
plate compressed in the x-coordinate but stretched in the y-coordinate, the plate uniaxially compressed 
in the x-coordinate, and the plate subjected to unequal biaxial compression, respectively. Due to the 
homogeneity, the critical buckling loads of UD plates are not affected by N, and their results are not 
listed in Table 3. As the total number of layers increases up to 10, for all values of  , the critical 
buckling loads increase for the FG-X plate but become lower for the FG-O plate then tend to be 
constants when 10N  . Hence, 10N   is used in all the following numerical calculations. 
 
Table 3. Effect of total number of layers on critical buckling load ratio ( C Mcr cr/N N ) of functionally graded 
multilayer GPLRC plates under biaxial compression 
   N 
2 4 6 8 10 12 14 16 18 
FG-O  1.0 4.3238 3.5317 3.2636 3.1288 3.0477 2.9935 2.9548 2.9257 2.9030 
 0.5 4.3237 3.5316 3.2635 3.1288 3.0476 2.9934 2.9547 2.9256 2.9029 
 0.0 4.3236 3.5315 3.2635 3.1287 3.0476 2.9934 2.9546 2.9255 2.9029 
-0.5 4.3236 3.5315 3.2635 3.1287 3.0476 2.9934 2.9546 2.9255 2.9029 
FG-X  1.0 4.3238 5.0982 5.3525 5.4790 5.5546 5.6050 5.6409 5.6678 5.6887 
 0.5 4.3237 5.0981 5.3524 5.4789 5.5545 5.6049 5.6408 5.6677 5.6886 
 0.0 4.3236 5.0979 5.3523 5.4787 5.5544 5.6047 5.6406 5.6675 5.6885 
-0.5 4.3236 5.0979 5.3523 5.4787 5.5544 5.6047 5.6406 5.6675 5.6885 
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        The effect of GPL weight fraction gGPL on the critical buckling loads for GPLRC plates is presented in 
Table 4 where the value in parentheses denote the critical buckling load ratio. The results of the pure 
epoxy plate are also listed for comparison. As can be observed, GPL nanofillers even at a very low 
content can significantly improve the critical buckling loads of the plates. For example, by dispersing 
only 1.0 wt.% GPLs, the FG-X plate has much bigger critical buckling loads that are 555% of those of the 
pristine epoxy plate. It can also be observed that the critical buckling loads, which are remarkably 
improved as GPL weight fraction increases. Among the three GPL distribution patterns, for each value of 
 , FG-X offers the biggest critical buckling load while FG-O brings the lowest critical buckling load. This 
is due to the fact that a plate with more GPLs distributed close to the plate surfaces has a higher 
bending stiffness. Moreover, it can be observed that the critical buckling loads of the plates can 
significantly increase as the tensile force in the y-coordinate increases.  
 
Table 4. Effect of GPL weight fraction on critical buckling load of functionally graded multilayer GPLRC 
plates under biaxial compression ( Nk ) 
   
GPLg  
Pure Epoxy 0.2% 0.4% 0.6% 0.8% 1.0% 
UD  1.0 1066.1 1775.5 
(1.6654) 
  2484.5 
(2.3305) 
  3193.2 
(2.9952) 
  3901.5 
(3.6596) 
  4609.6 
(4.3238) 
 0.5 1421.5 2367.3 
(1.6654) 
  3312.6 
(2.3304) 
  4257.5 
(2.9951) 
  5202.0 
(3.6595) 
  6146.1 
(4.3237) 
 0.0 2132.3 3550.9 
(1.6653) 
  4968.9 
(2.3303) 
  6386.3 
(2.9950) 
  7803.1 
(3.6595) 
  9219.2 
(4.3236) 
-0.5 4264.6 7101.8 
(1.6653) 
  9937.9 
(2.3303) 
12772.6 
(2.9950) 
15606.1 
(3.6595) 
18438.4 
(4.3236) 
FG-O  1.0 1066.1 1505.3 
(1.4120) 
  1942.3 
(1.8218) 
  2378.3 
(2.2309) 
  2813.9 
(2.6394) 
  3249.2 
(3.0477) 
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 0.5 1421.5 2007.1 
(1.4120) 
  2589.7 
(1.8218) 
  3171.1 
(2.2308) 
  3751.9 
(2.6394) 
  4332.2 
(3.0476) 
 0.0 2132.3 3010.7 
(1.4119) 
  3884.5 
(1.8218) 
  4756.7 
(2.2308) 
  5627.8 
(2.6393) 
  6498.3 
(3.0476) 
-0.5 4264.6 6021.4 
(1.4119) 
  7769.1 
(1.8218) 
  9513.3 
(2.2308) 
11255.6 
(2.6393) 
12996.6 
(3.0476) 
FG-X  1.0 1066.1 2040.7 
(1.9141) 
  3012.6 
(2.8258) 
  3983.2 
(3.7362) 
  4952.9 
(4.6458) 
  5921.8 
(5.5546) 
 0.5 1421.5 2720.9 
(1.9141) 
  4016.7 
(2.8257) 
  5310.9 
(3.7361) 
  6603.8 
(4.6457) 
  7895.7 
(5.5545) 
 0.0 2132.3 4081.3 
(1.9141) 
  6025.1 
(2.8256) 
  7966.3 
(3.7360) 
  9905.7 
(4.6456) 
11843.6 
(5.5544) 
-0.5 4264.6 8162.7 
(1.9141) 
12050.2 
(2.8256) 
15932.6 
(3.7360) 
19811.5 
(4.6456) 
23687.2 
(5.5544) 
Note: The value in parantheses denotes the critical buckling load ratio C Mcr cr/N N  
 
    The important effects of GPL geometry and size on the buckling behavior of functionally graded 
multilayer GPLRC plates are investigated in Table 5. It can be seen that the critical buckling loads 
increase as the GPL GPL/l h  ratio increases. However, a further increase in GPL GPL/l h  when it goes 
beyond 2000 can slightly improve the buckling resistance of the plates. In addition, square shaped GPLs 
( GPL GPL/ 1.0l w  ) outperform the rectangular ones ( GPL GPL/ 3.0l w  ) in improving the critical buckling 
loads of the plates. Since lGPL is kept constant here, this observation indicates that GPLs with a larger 
surface area are better reinforcing nanofillers than those with a smaller surface area. This is due to the 
fact that at the same GPL content, a larger contact area between the polymer matrix and the nanofillers 
provides better load transfer capacity.  
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Table 5. Effects of GPL length-to-thickness and length-to-width ratios on critical buckling load ratio 
( C M
cr cr/N N ) of functionally graded multilayer GPLRC plates under biaxial compression 
 
GPL GPL/l w  
3
GPL GPL/ ( 10 )l h
    
1.0 0.5 0.0 -0.5 
UD 1.0 0.1 2.4287 2.4286 2.4286 2.4286 
0.5 3.8457 3.8456 3.8455 3.8455 
1.0 4.2502 4.2501 4.2500 4.2500 
1.5 4.4120 4.4119 4.4118 4.4118 
2.0 4.4992 4.4991 4.4989 4.4989 
2.5 4.5536 4.5535 4.5534 4.5534 
3.0 4.5909 4.5907 4.5906 4.5906 
3.0 0.1 1.9363 1.9362 1.9362 1.9362 
0.5 3.2554 3.2553 3.2552 3.2552 
1.0 3.8007 3.8006 3.8005 3.8005 
1.5 4.0581 4.0580 4.0579 4.0579 
2.0 4.2087 4.2086 4.2085 4.2085 
2.5 4.3078 4.3077 4.3076 4.3076 
3.0 4.3780 4.3779 4.3778 4.3778 
FG-O 1.0 0.1 1.8814 1.8814 1.8813 1.8813 
0.5 2.7533 2.7533 2.7532 2.7532 
1.0 3.0024 3.0023 3.0023 3.0023 
1.5 3.1020 3.1020 3.1019 3.1019 
2.0 3.1557 3.1556 3.1555 3.1555 
2.5 3.1892 3.1892 3.1891 3.1891 
3.0 3.2122 3.2121 3.2120 3.2120 
3.0 0.1 1.5784 1.5784 1.5783 1.5783 
0.5 2.3901 2.3901 2.3900 2.3900 
1.0 2.7257 2.7256 2.7255 2.7255 
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1.5 2.8841 2.8840 2.8840 2.8840 
2.0 2.9769 2.9768 2.9767 2.9767 
2.5 3.0379 3.0378 3.0377 3.0377 
3.0 3.0811 3.0810 3.0809 3.0809 
FG-X 1.0 0.1 2.9650 2.9649 2.9648 2.9648 
0.5 4.9027 4.9026 4.9025 4.9025 
1.0 5.4544 5.4543 5.4542 5.4542 
1.5 5.6749 5.6748 5.6746 5.6746 
2.0 5.7936 5.7934 5.7933 5.7933 
2.5 5.8677 5.8676 5.8674 5.8674 
3.0 5.9184 5.9183 5.9182 5.9182 
3.0 0.1 2.2891 2.2891 2.2890 2.2890 
0.5 4.0961 4.0960 4.0959 4.0959 
1.0 4.8410 4.8409 4.8408 4.8408 
1.5 5.1923 5.1922 5.1920 5.1920 
2.0 5.3978 5.3976 5.3975 5.3975 
2.5 5.5328 5.5327 5.5326 5.5326 
3.0 5.6284 5.6283 5.6282 5.6282 
 
4.2.2 Postbuckling 
        In this section, postbuckling analysis will be conducted for both perfect and imperfect functionally 
graded multilayer GPLRC plates. 
        Fig. 5 investigates the effect of the total number of layers N on the equal biaxial compressive 
postbuckling load ratio C M/x xN N  of perfect GPLRC plates, in which 
C
xN  and 
M
xN  stand for the 
postbuckling loads of the plates with and without GPLs, respectively. The dimensionless central 
deflection is taken as 1cW h  . As the total number of layers increases up to 10, the postbuckling load 
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increases for the FG-X plate but becomes lower for the FG-O plate then tends to be constant when 
10N  . The effect of the total number of layers N on the postbuckling load-deflection curves for the 
GPLRC plates with and without an initial imperfection are also investigated. The dimensionless load 
parameter 3
0 M/ ( )xN b E h   against the dimensionless central deflection /cW h  results are presented 
in Fig. 6 for FG-X plates only for brevity since those for UD and FG-O plates are quite similar, all showing 
that 10 layers can achieve convergent results for the postbuckling response of the GPLRC plates. This is 
consistent with the results in buckling analysis and the observations in Ref. [27], indicating that a 
multilayer structure with a total of 10 layers stacked up together can well approximate the ideal 
functionally graded plate with a continuous and smooth through-thickness gradient in GPL distribution 
which is extremely difficult and expensive to be fabricated due to the limitation of current 
manufacturing technology. It can also been seen that the postbuckling load-deflection curves of the 
imperfect plates originate from the origin, which means that the imperfect plate starts to deflect even 
under a very small compressive force hence no bifurcation buckling exists even though the through-
thickness material composition of the imperfect plate is symmetric about the mid-plane. The 
postbuckling load-deflection curves of the perfect and imperfect plates with the same value of N 
approach to each other as the deflection increases. The two load-deflection curves for the perfect and 
imperfect plates correspond to a smaller N approach each other much faster than those of the plates 
correspond to a larger N. 
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Fig. 5 Postbuckling load ratio C M/x xN N  at 1cW h   for functionally graded multilayer GPLRC plates 
under equal biaxial compression: Effect of total number of layers.  
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Fig. 6 Postbuckling equilibrium paths of functionally graded multilayer GPLRC plates under equal biaxial 
compression: Effect of different total number of layers. 
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Fig. 7. Postbuckling equilibrium paths of functionally graded multilayer GPLRC plates under equal biaxial 
compression: Effect of GPL distribution pattern. 
        Fig. 7 displays the effect of GPL distribution pattern on the postbuckling response of functionally 
graded multilayer GPLRC plates under equal biaxial compression. Compared with the pure epoxy plate, 
all GPL-reinforced composite plates exhibit considerably higher postbuckling load-carrying capacity. It is 
apparent that, among the three GPL distributions considered, the postbuckling load-carrying capacity is 
the maximum for the FG-X plate and the minimum for the FG-O plate while the postbuckling load-
deflection curve for the UD plate lies in between those for the FG-X and FG-O plates.  
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Fig. 8. Postbuckling equilibrium paths of functionally graded multilayer GPLRC plates under equal biaxial 
compression: Effect of GPL weight fractions 
       Fig. 8 depicts the effect of GPL weight fraction on the postbuckling load-deflection curves for FG-X 
plates under equal biaxial compression, showing that a remarkably improved postbuckling resistance 
can be achieved as the weight fraction GPLg  increases. For example, the addition of only 0.25% weight 
fraction GPLs can yield a significantly higher postbuckling resistance that is almost twice of that of the 
pure epoxy plate.  
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Fig. 9. Postbuckling equilibrium paths of functionally graded multilayer GPLRC plates under equal biaxial 
compression: Effect of GPL length-to-width ratio 
    The effects of GPL length-to-thickness and length-to-width ratios on the postbuckling behavior of 
functionally graded multilayer GPLRC plates are investigated in Fig. 9 which compares the postbuckling 
load-deflection curves of FG-X plates with GPL GPL/l w = 1.0, 3.0, 5.0 and GPL GPL/ 2000l h  . Results 
show that the postbuckling load-carrying capacity of the functionally graded GPLRC plate is the highest 
when square shaped GPLs ( GPL GPL/ 1.0l w  ) are used but becomes lower as GPL GPL/l w increases.  
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Fig. 10. Postbuckling equilibrium paths of functionally graded multilayer GPLRC plates under equal 
biaxial compression: Effect of GPL length-to-thickness ratio. 
    Fig. 10 shows the postbuckling equilibrium paths of a FG-X plate reinforced with square GPLs having 
different length-to-thickness ratio GPL GPL/l h . Fig. 11 gives the postbuckling load ratio 
C M/x xN N  for 
perfect GPLRC plates when the dimensionless central deflection 1cW h  . As can be observed, 
postbuckling load-deflection curve tends to be higher with an increasing GPL GPL/l h . This clearly 
indicates that GPLs with fewer layers are more effective in improving plate stiffness and its postbuckling 
resistance. However, when GPL GPL/l h  goes beyond 2000, the postbuckling resistance tends to be 
unchanged and the effects of  GPL GPL/l w  and GPL GPL/l h become much less significant. 
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Fig. 11. Postbuckling load ratio C M/x xN N  for functionally graded multilayer GPLRC plates under equal 
biaxial compression when 1cW h  : Effects of GPL length-to-thickness and length-to-width ratios. 
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Fig. 12 Postbuckling equilibrium paths of functionally graded multilayer GPLRC plates under biaxial 
compression loads with different   
 
        Fig. 12 investigates the postbuckling behavior of functionally graded GPLRC plates under different 
loadings. Compared with the uniaxially compressed plate, the application of a bigger tensile force in the 
y-coordinate can significantly increase the postbuckling resistance of the plate while the presence of a 
larger compressive force in the y-coordinate leads to considerably reduced postbuckling resistance.  
 
5. Conclusions 
        The buckling and postbuckling analysis of functionally graded multilayer GPLRC plates under biaxial 
compression have been investigated using a two step perturbation technique. GPLs are uniformly 
dispersed in the polymer matrix in each individual layer. The material properties of the plates are 
assumed to be graded along the thickness direction since the GPL weight fraction shows a layer-wise 
change, and are evaluated through micromechanics models. Based on the assumption that the 
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laminated plate is composed perfectly bonded GPLRC layers, equilibrium and compatibility equations for 
the composite plates are derived by using the first-order shear deformation plate theory taking into 
account both geometrical nonlinearity in von Kármán sense and initial geometrical imperfection. 
Numerical results have revealed that by dispersing a very small amount of GPLs into the polymer matrix 
can significantly improve the critical buckling load and postbuckling load-carrying capacity of the plates. 
Among the three GPL distribution patterns presented in this study, FG-X is the best way of dispersing 
GPLs that results in the highest critical buckling load and postbuckling load-carrying capacity. 
Furthermore, square GPLs with fewer monolayer graphene sheets are the most favorable reinforcing 
nanofillers.  
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Appendix A 
The differential operators in Eqs. (25)-(28) are 
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in which 
   2 2 2110 112 22 11 11, ,Sk a K K D        , 
 2 2120 22 11Sk K a D   ,  
 2 2131 11 11Sk K a D     
  2 2212 214 12 33 11 22, 2 ,A A A A   
        
 2 2310 22 11Sk K a D    ,  
   2 2 2 2322 32 33 22 11, , SD k K a D          
 331 12 33 11D D D      , 
 2 2411 11 11Sk a K D     , 
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 421 12 33 11D D D       
  2 2 2 2 2430 432 43 33 22 11 11, , , , SD D k K a D      
       
 
Appendix B 
Excepting ( )
00
kb  and ( )00
kB , coefficients shown in Eqs. (55)-(58) are 
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